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It is shown that viscosity variations and temperature differences between the upper and lower 
walls can significantly increase or decrease the tendency toward instability. It was found that 
low Prandtl number fluids are most sensitive to gravitational field effects because they are 
characterized by a thicker thermal boundary layer. 
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Numerous studies relating to buoy- 
ancy effects in vertical external and 
bounded flows have been reported. 
Ostrach (14), Hanratty et al, (7, 8, 
16), and Maslen (9) have considered 
various aspects of the bounded flow 
problem and quote numerous other 
articles. Acrivos (1  ) investigated ver- 
tical external flows and presented nu- 
merical results for a vertical flat plate 
which were obtained with the Karman- 
Pohlhausen integral method. Sparrow 
et al. (19) have obtained similar solu- 
tions for vertical boundary-layer flows. 

Until the review of this paper by 
E. R. G. Eckert and E. M. Sparrow 
was received, the authors were un- 
aware of any previous theoretical work 
on buoyancy effects in horizontal flows. 
These reviewers indicated that Mori 
( 1 2 )  and Morton (13) have investi- 
gated some of the heat transfer aspects 
of the problem. Mori's approximate 
analysis for boundary-layer flow over a 
constant temperature flat plate employs 
a series expansion of the stream func- 
tion; Sparrow (18), in a paper to be 
published, has independently considered 
the same problem by means of essen- 
tially the same method as Mori. Morton 
obtained an approximate solution for 
constant property flow in a horizontal 
pipe with power series expansions in 
the Rayleigh number. However his re- 
sults are incomplete since they imply 
that the secondary flow effect vanishes 
as N,,  + 0. This occurs because Mor- 
ton assumed that the axial pressure 
gradient is constant. 

Most theoretical work has assumed 
that temperature variations in horizon- 
tal flows are manifested only in vis- 
cosity and inertial density variations in 
the x-direction momentum equation. 
With these assumptions it has usually 
been found for subsonic flows that vis- 
cosity variations are the principal cause 
of instability (11, 17). For heated gas 
flows inflections in the velocity profiles 

Owing to a misunderstanding the sequel to 
this paper, which extends the calculations to 
include the effect of mass transfer was 
lished Dreviously in the A.1.Ch.E. 'Joumaf% 
423 (1962). 

due to viscosity effects are predicted, 
and in accordance with the Tollmien- 
Schlichting theory this is a necessary 
and sufficient condition for instability. 
In liquids the effect is obviously re- 
versed insofar as viscosity variations 
are concerned. I t  will be shown here 
that for bounded flow, at low N R e ,  
body forces markedly influence the 
velocity field and to a lesser extent the 
temperature field; in external or bound- 
ary-layer flows, with relatively low free 
stream velocities, body forces may well 
play the primary role in determining 
the flow stability. 

Fully developed horizontal flow be- 
tween infinite parallel plates with a 
linear axial temperature distribution is 
considered in some detail. The influ- 
ence of radial viscosity variations, 
viscous dissipation, uniform energy 
generation, and unequal wall tempera- 
tures on velocity and temperature fields 
has been determined, and some of the 
numerical results are reported. 

By means of Prandtl's boundary-layer 
theory, without the assumption that 
( a p ) / ( a y )  = 0, a new total differen- 
tial equation is derived and solved 
which accounts for the coupling be- 
tween the momentum and energy 
equations through the body-force 
terms. The criterion for the importance 
of this coupling and the conditions for 
obtaining similar solutions are clearly 
established. Flow over a constant tem- 
perature horizontal flat plate, which 
does not admit a similar solution, is 
considered briefly with the Karman- 
Pohlhausen integral method. 

In a two-dimensional flow wherein 
higher-order terms concerning density 
and viscosity variations are neglected, 
the momentum equations are 

ax ax aY 

- - = p [ u -  aP &4 + v - ] -  aU 

The equation of state is assumed to be 

and the energy equation with constant 
thermal conductivity is 

at at k 
ax ay PCP 

P = P o C 1 -  B ( t - t o ) l  (3) 

u-+v-=-- ($)+ q?) +p.y 0 (4) 
PCP 

where viscous heating and a constant 
source term have been included. 

If one neglects the leading edge 
where v is large, an order of m a p i -  
tude analysis reduces Equation ( 2 )  to 

With the x axis directed perpendicular 
to the gravity force, pg, is identically 
zero. When one takes into account the 
effect of density variations on the body 
forces alone, and makes the usual as- 

sumption that - ,", ( pg) is small, 

in view of Equation (3), Equations 
( 2 )  and ( 5 )  become 

au 1 apwu.-+ ax 
pa ax 

au 1 a 
I)--- - 

ay P o  aY 
and 

H O R I Z O N T A L  FULLY DEVELOPED 
F L O W  BETWEEN PARALLEL PLATES 

At a large distance from the conduit 
entrance the flow will be fully devel- 
oped, and for constant viscosity Equa- 
tion (6)  reduces to 

1 ap #U (8) - - = y -  

p. ax ay" 
Differentiating Equation ( 5 )  with re- 
spect to x and Equation (8) with re- 
spect to y and equating the results due 
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to the continuity of P, one obtains in 
dimensionless form 

Since ( U ) / ( U o )  is a function of A 
only as the density is assumed con- 
stant, except in the body force term, 
Equation (9) is valid only if the right- 
hand side is independent of 5. This 
condition is clearly satisfied if the tem- 
perature distribution is given by 

The form of Equation (10) is com- 
monly used as the asymptotic solution 
to the energy equation for fully de- 
veloped flow. For the present problem 
it implies constant, but not necessarily 
equal, heat fluxes at the wall since the 
radial temperature gradient is inde- 
pendent of .f. Clearly Equations (9), 
( lo) ,  and the resulting energy equa- 
tion 

t -€t, = A& + Y(A) (10) 

u d ( t - t t , )  a" ( t - t . )  

u, a5 dA" 
+ - - - 

I(+- u, 
the solution of Equation (12) is 
U -- - 6 ( A - A * )  + 
U. 

LV 1 

24 - (a8 - 6A2 + 2A) (13) 

The first term of Equation (13) is the 
Hagen-Poiseuille distribution and is 
therefore the forced convection contri- 
bution. 

The bottom plate corresponds to A = 
0; consequently from Equation (13) 
the friction factors for the upper and 
lower walls are 

- 12 N ,  -+- 
NRe 6 N m  

Therefore stagnation points or incipient 

where 
Y(A) -Y(O)- - t - t w o  

81 = -- 
A1 A1 

81(0) = 0, 01(l) = 81, 

and the boundary conditions are 

or alternately 

- (1) =-- q ( l ) d  (14a) 
dk  kA1 

If one uses Equations (13) and (14a) 
and integrates Equation (14) 

d 
A1 = [4  ( 0 1 - 4 ( 1 ) 1 

and 

( 6AG - 15A' + 10A" - A )  
N i  - 
720 

-NBr [6(2A4--4A8 + 3A'-A) - 
Ni - (I&" - 45A4 + 40A' - 15X" + 2 A )  
30 

N," 
1440 

reversed flows occur at are mutually consistent only for the 
region at great distances from the hy- 
drodynamic and thermal entrances and 
where both the temperature and vel- 
ocity fields are fully developed. 

Equation (9) one obtains 

NGv = 72  NRe +- ( 12Ae - 36A" + 40A4 - 20As + 

N w  No 5'' -')I + - ( A  -A') + L A  (15) 
- 72 NRe 

respectively. It is seen that cooling 

instability at the lower and upper walls 
respectively. Therefore, as shown 01, = t w . , - t w o  - = - 1 N l  
for vertical flows (7, 8, 14), low NBe 
horizontal bounded flows with heat 

dx" V U ,  N,2, transfer are less stable than those at  

Obviously the Grashof number used velocity distributions are plotted in 
above is based on the axial tempera- N , " N B ~  No (16) 
ture gradient A, = , which has Equation (4 )  becomes in dimension- 1440 2 

This result gives the relationship be- 
tween the relevant parameters and 
shows that N,, and hence the velocity 
field, depends on the thermal charac- 

the dimensions of temperature. 

at the walls together with the con- d ~ "  U .  
tinuity condition (14) teristics of the system. Figures 2, 3, 

and 4 show the effects of Nl ,  NB,, N Q ,  
and 8,- on the temperature profiles. It 
might be mentioned that Figures 1 and 
2 show deviations from the symmetrical 
profiles in the same direction for heat- 
ing as those observed experimentally 
by Woolfenden with turbulent flow in 
tubes (10). 

An estimate of the effect of variable 
viscosity can be made without much 
difficulty if its axial variation is neg- 
lected. For fully developed flow, when 
one considers the variation of p with 
respect to A only, Equation (12) may 

2 Substituting Equation (10) into and heating cause a tendency toward where 

A1 2 +720- 

NiNBr - ~ N B ,  - - - 1 

1-----L 

N i  ----= 

(12) higher Nn.  for a given No,.  Several 4(1) 15 
q ( 0 )  Figure 1. 

at When one considers Equation ( l o ) ,  - - -- 
less form 

d*Bi = -NN, NB" If one uses the conditions of no slip 

1.0 

h 0 5  

0 . .  A5 be written as 0 5  10 
"Ill, 

Fig. I .  Velocity distributors for flow between parallel plates for various 
Nl with e = 0. 
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Fig. 2. Temperature distributions for various N, 
NQ = e,, = 0. 

where the viscosity used in N ,  is that 
at the lower wall pa. Let 

and Equation (14) becomes 

To a good approximation (9) the vis- 
cosity of water and liquid sodium, 
which are particularly important heat 
transfer media, is given by 
P W O  t + t a  

p t w o  + t. 1 +  -=-= 

t - t w o  

t. $. t w o  

A 
t. + t w o  

I + €01 -= 

where 

e=- 

Therefore from Equations (IS) and 
!16) 
, I  

= + + € 1 8, ( dh) & dx (20) 
U ,  

and the energy equation, when one 
neglects dissipation and source terms 
for simplicity becomes 
d%, u - + +  -- _ - -  
dh2 U. 

A method of iteration may now be 
used to solve Equations (20) and (21) 

LO 

a 0.5 

I I I I I I m I i i i i i  i i i i i i l  
- 0.0 5 0.00 0.05 0.10 0.15 

- ? 
with NB, = Fig. 4. Temperature profiles for various elw with NI = 50 and NRr == 

NQ = 0. 

simultaneously. This may be done quite 
easily. First Equation (19) is inte- 
grated, the result together with Equa- 
tion (15) is substituted into Equation 
(20),  and the arbitrary constants are 
determined from the boundary condi- 
tions. Then Equation (21) may be 
integrated to obtain a new 8, distribu- 
tion and so on. The calculation has 
been carried out to a first approxima- 
tion, and some results are plotted in 
Figures 5 and 6. It is seen in Figure 
5 that the profiles become less stable 
for cooling and more stable for heat- 
ing. Figure 6 indicates how the criti- 
cal value of Nt is affected by both the 
magnitude of E and 81w, It is interesting 
to note how effective the wall-tempera- 
ture difference may be in reducing or 
increasing the value of N ,  required for 
stagnation, thereby making the flow 
less or more stable respectively. In gen- 
eral for heating the tendency toward 
stability is increased through viscosity 
effects when the upper wall is at a 
lower temperature than the lower and 
the reverse is true for cooling. 

HORIZONTAL BOUNDARY-LAYER 
FLOWS 

For horizontal boundary-layer flows 
the assumption of constant physical 
properties except in the gravitational 
body force term is retained, and source 
terms in the energy equation will be 

1.000 

0 0050 0.100 0.1.0 

- 8, 

Fig. 3. Effect of NB,. and NQ on temperature distribution for N, = 50 
and 8gr = 0. Solid lines represent Np = 0 and dashed lines NB? 

= 0. 

neglected. Hence Equation (6) and 
(7) apply, and Equation (4) reduces 
to 

The boundary conditions are 

U(.,O) = U ( X , O )  = v(x,  cu) = 

and 
t ( x ,  0) = t,, t(x, m )  = t, (24) 

Similar solutions may be obtained 
for wedge type of flows where the sur- 
face is restricted to a small angle of 
inclination from the horizontal, since 
p 6. is neglected, if the conditions 

t ,  - t, = Bx" ( 2 5 )  

u, = (26) 

(27) 

where 
2n + 1 

5 
m=- 

are satisfied. These relations enable 
one to transform Equations ( 6 ) ,  ( 7 ) ,  
and (22) into two total differential 
equations by first eliminating the pres- 
sure terms in Equations (6) and (7) 
and then using the dimensionless vari- 
ables 7, f, and 8, defined by 

1 Y( %) 

[x:] 

.q=- 
2 - 2 - n  

n- -2  

and 
t - t, 

82 = - 
t w  - t, 

m 
- where 

u, = G (  px) 
After performing the necessary trans- 
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h 

Fig. 5. Effect of viscosity on velocity profiles for various NI ond e with 
N B ~  = No = h w  = 0. 
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Fig. 6. Effect I 

formation operations on Equations (6) ,  
( 7 ) ,  and (22) one has 

f”” = - [ (5m- 1 )  &- N2 

2 
(1-m)  T&‘] + [ (3m-l )  f’f”- 

(m + 1) W”1 (28) 
and 

8,” + Np,  [ ( m  + 1) f 6 d -  

( 5 m - l ) f ‘ & ] = O  (29) 
with 

16 Nor. 
N2 = ~ C O S  y 

N R ~ ~  

In contrast to the energy equation ob- 
tained by Fage and Falkner (6) Equa- 
tion (29) depends on the potential 
flow since n and m are not independ- 
ent. Clearly the boundary conditions 
are from Equations (23) and (24) 

f ( 0 )  = f ’ ( O )  = f ” ( 0 0 )  = 0; 

P ( W )  = 2  (30) 

(31) 
and 

~ ~ ( 0 )  = 1; e , ( c ~ )  = o 
Before the authors proceed to the 

solution of Equation (28), some com- 
ments concerning its development and 
relation to the well-known Falkner- 
Skan equation seem appropriate since 
they relate to one of the basic assump- 
tions of the boundary layer theory. 
Clearly it was necessary to use the 

= o  boundary condition 

which is implied by the boundary-layer 
theory, because the order of the mo- 
mentum equations in increased to four 
if one does not make the usual assump- 
tion (dp)/(ay) = 0. However it is a 

a d x ,  cO) 

aY 
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relatively simple matter to relate f ” ’ (0)  
to m and thereby show rigorously that 
for isothermal flow over a flat plate or 
with potential flows in the form of 
Equation (26) the use of Equation 

(7)  and au(x’ @“ = 0 leads to the 

Blausius and Falkner-Skan equations 
identically. Hence for isothermal flows 
the relation ( d p )  / (ay) = - pg,  is im- 
plicit in the boundary-layer theory. 
With the nonisothermal flows over a 
flat plate considered here it is also 
necessary to evaluate f”’ (0) .  For finite 
N,, it can be shown that f ” ’ (0)  = 0. 
It is of course another matter to show 
the region of applicability of the solu- 
tions obtained. 

For the horizontal flat plate, on the 

sion, it is probable that the results ob- 
tained from Equation (28) apply ex- 
cept at the leading edge. 

The fundamental case of flow past a 
horizontal flat plate will now be con- 
sidered with Equation (28). S’ ince u, 
is constant, m = 0. From Equation 
(27) this yields n = - M ,  and Equa- 
tions (28) and (29) become 

aY 

basis of Carrier and Lin’s ( 4 )  d’ 1scus- 

f””+f ’ f”+f f” ’+N.  (&+7)6,’) = 0 
(32) 

8,” + ivpv ( f  e; + f’ 02) = o (33) 
and 

Although the form of Equation (33) 
has been considered by several authors 
( S ) ,  the solutions do not apply here 
since it is coupled with Equation (32) 
which has not previously been derived. 

When one integrates, Equation (32) 
gives 

p” + ff” + ivaq8*=f”’(0)  (34) 
and Equation (33) becomes 

- NPI ? fdg s, 
6, = e (35) 

Equation (35) represents the remark- 

A.1.Ch.E. Journal 

0 . 8  1.0 1.8 

C 

of viscosity on N1 required for stagnation for 
various el,. 

able case of no heat transfer with a 
nonuniform temperature field. Eckert 
( 5 )  has discussed similar situations. 

By using Equation (30) as previ- 
ously mentioned, it can be shown that 
f ” ’ (0 )  = 0, and hence Equations (34) 
and (35) become the Blausius equa- 
tion with an added term reflecting the 
gravitational field effect 

- N p v  * fdg 

= o  J. 
P , + f f ” + N 2 7 ) e  

(36) 
Numerical solutions to Equation (36) 
for N p v  = 0.01, 0.7, 5.0 have been ob- 
tained with a method similar to that 
suggested by Rheinboldt ( 1 5 ) .  If 

,=f“ 

then Equation (34) yields after one 
integration 

(1 - N P ~ )  Vfdg J, 
C @ ( O )  - NzS: 7) e & 1 

a =  (37) 
fdg 

e 
-S fdg 

2 + N,$;e  
@ ( O )  = -p f d g  

R e  4 
(1 - NPI) Vfdq s, (t 7)e 4) 4 

(38) 
By partial integration 

Hence one may iterate on 4 using 
Equations (37) and (38) until 4(0) is 
obtained to the desired accuracy, and 
then an additional integration will yield 
the velocity distribution. 

Some rather interesting numerical 
results are plotted in Figure 7. Inflec- 
t i c h  in the velocity profiles occur for 
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Fig. 8. Boundary layer temperature profiles for various N2 
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tion (39) and using the condition 

obtained 

from Equation (6). It may be written 
by n-~eanS of Equation (42) as 

9 
Fig. 7. Boundary layer velocity profiles for various N, and Npr. 

negative N ,  and indicate a tendency 

tive N ,  tends to stabilize the flow. Equations (6)  and (7)  yield 
Clearly buoyancy effects are most pro- 
nounced at lower N p r .  For positive N ,  - a%1 - 
boundary-layer velocities were found to axlayl ayl 
exceed those in the free stream and 

Equation (43) shows that (aPl ) / (ax , )  = then smoothly return to the free-stream 
value. This effect is very obvious for 0 at yl = ih, and the pressure gradient 
N = 0.5 and N p ,  = 0.01. Brown ( 2 ,  is zero outside the thermal boundary 

inertial density variations under rather ~2 ax, ax, The use of Equations (41), (42), 
extreme conditions. Figure 8 gives and (43) in the integral momentum 
some corresponding temperature dis- equation yields 
tributions. 

venience different dimensionless coor- 
toward flow instability, whereas posi- dinates are introduced initially, and 

a 

882 
=- N s  - (39) layer. 

v$gw a ( t  - t m )  3 )  has reported a similar effect from - 

If one integrates Equation (39) 

d6, = 
ax1 

1 dxi (32”) (105) 0, [ 
very rapidly with N,. Similar behavior UI = [ 3 g  

= 0 for negative values Now the assumed velocity and tern- - d { (gN’s4( z) 4 
of N,  between 0.67 and 0.68, and in 
this range the value of + ( O )  changes 

was observed for the other N p v  studied, 
and the absolute value of N ,  required 3N,  &, Y, 

creases. 
I t  might be mentioned that for the 

special case of m = 1 similar solutions 
may be obtained with the body force 
term retained in the x-direction mo- 6, = 1 - -( 9;) + a (5 )* (42) 
mentum equation also. However the 2 s  dxi 
results of this have not been investi- 
gated here. Equations (41) and (42) were derived 

in the usual way except that the veloc- 
The Constant Temperature Plate ity distribution was required to satisfy 

Equation (40). 
substitutions were found. Therefore to The pressure gradient distribution 140 
obtain some approximate information for use in the integral momentum 
integral methods were used. For con- equation follows from integrating Equa- These nonlinear equations have not 
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peramre profiles are taken to be 

( ) - (,>’I -I- 
. i Y l  

-- 
32 (140) 280 

for stagnation decreases as N,, de- 32 8” dx, [ -j- - 2 ( f >’ ( -$ ] N ,  03, 3 3Ns d& -- 8,- +-+ -6- = 0 
(41) 5 dx, 26 32 dxl 

and and the integral energy equation gives 

“[ (:O 280 
3 1 S -Az--A4) 3 + 

1.5 For this case no suitable similarity 



been solved; however some qualitative g, = y component of gravitational 8, = dimensionless temperature for 
information can be obtained. From force flow between parallel plates 

k = thermal conductivity ed = dimensionless temperature for 
Equation (41) [ 21 = when m = constant defined by Equation boundary-layer Aow 

(23) el, = dimensionless wall tempera- N, = - (48)/(6) (ds,)/(dxl). Since 
ture difference, 8,, = ~ 

6 and (dsT)/(dx) are positive, N ,  is 
negative and again negative N, tends 

It is quite probable that the integral 
method can be extended with some = local Grashof number for p = viscosity 
success to investigate the entrance flow = viscosity of lower wall (X = 0) 
between horizontal parallel plates. This gvx3 (t,  - t,) /ua v = kinematic viscosity 
should be a rather interesting case, N R e  = number for flow be- 5 = dimensionless axial coordinate 
since the boundary layers on the upper 
and lower walls will be influenced dif- ( v )  p = density 
ferently by the body forces. Also the 
acceleration of the central core should boundary layer flow, (od pm = free-stream density 

Wl%l  

N,,  = Brinkman number, (pU.”)/ t w  - t w o  

(kAd A, 
to make the %ow less stable. N G r  = Grashof number for ‘Ow in = dimensionless radial coordinate 

( Y / 4  parallel plates, /38gyA2/vZ 

boundary layer flow, 
pwo  

(x /dNpe)  tween parallel plates, ( U , d )  / 

number for N R e a  = local p .  . = initial density 

tend to stabilize the system. (.) Qi = (d”f)/(d?l”) 
N,, = NR,  * N p r  4 = defined by Equation (15) 

DISCUSSION Nm = number, ( C & ) / ( k )  Y = stream function defined by 
Further investigation of the numerical 

solutions to Equation (28) is presently N ,  = ( N ~ , ) / ( N ~ ~ )  
being carried out. Calculations which 
include the effect of finite interfacial N ,  = (NRrg)/(NRe,) LITERATURE CITED 
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